While liquid exfoliation is a powerful technique to produce defect-free nanosheets in large quantities, its usefulness is limited by broad nanosheet thickness distributions and low monolayer contents. Here we demonstrate liquid processing techniques, based on iterative centrifugation cascades, which can be designed to achieve either highly efficient nanosheet size-selection and/or monolayer enrichment. The resultant size-selected dispersions were used to establish quantitative metrics to determine monolayer volume fraction, as well as mean nanosheet size and thickness, from standard spectroscopic measurements. Such metrics allowed us to design and optimize centrifugation cascades to enrich liquid exfoliated WS2 dispersions up to monolayer contents of 75%. Monolayer-rich dispersions show relatively bright photoluminescence with narrow linewidths (<35 meV)
Liquid phase exfoliation is a versatile technique for producing liquid suspensions containing large quantities of 2-dimensional (2D) nanosheets. [1] [2] [3] [4] [5] [6] [7] This method involves the sonication 2, 4 or shearing 8, 9 of layered materials in liquids, resulting in the production of generally defect-free nanosheets. If the liquid is appropriately chosen (e.g. suitable solvents 5, 6, 10, 11 or surfactant 3, [12] [13] [14] [15] or polymeric solutions [16] [17] [18] [19] ) the nanosheets will be stabilized against reaggregation. 20 This method has been used to exfoliate a broad range of 2D materials including graphene, 2, 6, 9, 12, 17, 21 BN, 5 transition metal dichalcogenides such as MoS2 and WSe2, 4, 8, 22, 23 as well as MoO3, 24, 25 GaS, 26 black phosphorous [27] [28] [29] [30] [31] and MXenes. 32 The liquid suspensions produced in this way are extremely useful, as they can be easily processed into a range of structures including films, coatings and composites. 5, 23, [33] [34] [35] Such materials have demonstrated superlative performance in a number of applications including reinforced composites, 5, 18, 36, 37 battery electrodes 38, 39 and fiber lasers. [40] [41] [42] However, liquid phase exfoliation tends to give nanosheets with very broad lateral size (length, L) and thickness (expressed as number of monolayers per nanosheet, N) distributions, 15, 43 with ranges of 50nmL500nm and 1N10 not unusual for MoS2. 15 Such distributions are problematic as many applications require controlled nanosheet sizes: small nanosheets are ideal for catalysis 44 while large ones are needed for mechanical reinforcement. 37 These broad distributions also mean the monolayer content is always low, generally <10%. This is a serious problem for a number of applications. For example, the use of 2D materials in printed optoelectronic devices cannot be considered unless inks containing very high monolayer contents are available. 45 In the longer term, nanosheet printed electronics will require monodisperse suspensions containing only N-layers where N is defined by the application.
Such capabilities are a long way away. While some progress has been made toward selection of nanosheets by size, 15, 43 the available processes are generally inefficient, yielding very small quantities of nanosheets. In addition, monolayer enrichment is much more challenging, not least because the measurement of monolayer content generally involves statistical microscopy which is very time consuming. While density gradient ultracentrifugation has been used to separate TMD nanosheets by thickness, 46 this procedure is complex, gives low yields (concentrations <0.005 g/L) and is limited to polymer-stabilized dispersions. What is needed is a scalable, universally applicable, high-yield technique to either size-select nanosheets or produce highly monolayer-enriched dispersions. Any such process will involve optimization, which is limited by the tedious microscopic characterization required. Hence, to enable this, it will be necessary to develop fast techniques to measure nanosheet size, thickness and monolayer content. Within this manuscript we address these points.
Inspired by gas-separation centrifugation cascades, we have developed an efficient centrifugation-based method, which allows nanosheet dispersions to be both separated by size and enriched in monolayers in a controlled way. By studying the optical properties of WS2 dispersions as a function of nanosheet size, thickness and monolayer content, we identified spectral properties which scale with monolayer content as well as mean nanosheet length and thickness yielding quantitative metrics for these properties. The resultant ability to measure L , N and monolayer content, allows us to design secondary cascades to further enhance the monolayer content, reaching values as high as 75%. Such monolayer-rich dispersions display easily observable photoluminescence (PL) and optical properties that distinct from normally observed for WS2 ensembles.
Results

Size selection of WS2 nanosheets
As liquid-exfoliated nanosheets tend to be polydisperse in both size and thickness, size selection is almost always required. A number of size-selection techniques exist, mostly based on centrifugation. 3, 15, 43, 46, 47 However, these techniques tend to be inefficient, yielding small masses of size-selected nanosheets. To address this, we have developed a new centrifugationbased technique which we denote liquid cascade centrifugation (LCC). We start with a dispersion of liquid-exfoliated nanosheets, obtained by sonication of WS2 powder in aqueous surfactant solution (see methods) where any unexfoliated crystallites had been removed by low speed centrifugation (here 1.5 krpm in our centrifuge). This "stock" dispersion contains nanosheets with a broad distribution of sizes and thickness and a small but non-trivial population of monolayers with varying lateral sizes. The stock is then centrifuged at a higher speed (here 2 krpm) and the sediment collected. This sediment contains nanosheets from the larger end of the size distribution and, as they were collected between centrifugation rates of 1.5 and 2 krpm, we refer to this sample as "1.5-2 krpm". Critical to LCC, this sediment can be redispersed 48 completely by mild sonication in H2O-SC (at SC concentrations as low as 0.1 g/L) to give dispersions with virtually any chosen concentration. The supernatant produced during the 2 krpm centrifugation contains all but the largest nanosheets. It can be centrifuged at a higher rate (here 3 krpm) to give a sediment with slightly smaller nanosheets, which we label "2-3 krpm". The associated supernatant can be centrifuged again and the cascade continued for as many steps as are required with each step using a continually increasing centrifugation rate. Critically, because the heavier, few-layer nanosheets are removed in each step of the cascade, the resultant supernatants become more and more monolayer enriched.
After each step, the sediment contains smaller and smaller nanosheets, resulting in effective size selection. Within this cascade, we terminate the cascade at 10 krpm and only partially analyze the final supernatant as it mostly contained free surfactant and extremely small WS2 nanosheets. This process is illustrated in Figure 1 . One very important feature of LCC is that virtually no material is wasted, resulting in the collection of relatively large masses of nanosheets in each fraction (see below). Importantly, the cascade can be designed according to the desired outcome. Here, we wanted to produce a range of dispersions with varying nanosheet sizes and therefore we performed a set of centrifugations with subsequently increasing rpm. However, if only a specific size distribution is desired, the procedure can be simplified by trapping the desired nanosheets between two fixed rpm. For example, if the stock is directly centrifuged at 7.5 krpm and the resultant supernatant then centrifuged at 10 krpm, the collected sediment will contain nanosheets with a size distribution virtually identical to those obtained from the "7.5-10 krpm" step in a cascade. Thus a cascade can be used when a set of different nanosheet sizes is required but only two centrifugations are required to obtain a single size-selected sample.
We have characterized the nanosheets collected in each fraction microscopically using Along with nanosheet length and width (defined as the dimension perpendicular to length), the nanosheet thickness, expressed as number of monolayers per nanosheet, N, was measured by AFM with the effect of residual surfactant corrected for using step height analysis (SI figure S5-6). 9, 15, 26, 31 Typical layer number histograms are shown in Figures 2G-H (see supplementary Figure S4 ). Again, we see a reduction in nanosheet thickness as the dispersion progresses through the cascade. Interestingly, the N histograms are always log-normal in shape (see SI section 1 1.1-1 1.2) as previously observed for LPE nanosheets. 49 We can quantify these effects by plotting the mean nanosheet length (measured from TEM and AFM) as a function of the centrifugal acceleration (g-force, see methods) associated with the midpoint of the pair of rpms used in each step of the cascade (see Figure 2I ). The mean nanosheet length falls off as (g-force) -0.5 as expected due to the close relationship between <L> and the "cut size" (i.e. the size of the largest particle remaining dispersed after centrifugation, see supplementary Figure S7 ). 21 The lateral dimensions measured by AFM are over-estimated due to tip broadening and pixilation effects. The data in Figure 2I has been used to correct the lateral dimensions measured by AFM for the rest of the analysis (see supplementary Figure   S8 ). We note that we have also analyzed the very small nanosheets that are discarded in the final supernatant of the cascade. TEM (figure S2) confirms that these are indeed 2D nanosheets with <L> ~ 25 nm. Due to the small lateral dimensions, a reliable AFM analysis was not possible.
Similarly, the mean nanosheet thickness, <N>, as measured by AFM is plotted versus g-force in Figure 2J . The mean number of layers falls with central rotational speed via (gforce) -0.4 . For the set of size-selected samples studied here, it is clear from this data that LN  . This is certainly a limitation of this method as, ideally, one would like to vary L and N independently. Below and in the SI (figure S9) we discuss the relationship between L and N in more detail. We find the distribution widths (i.e. the standard deviation: L or N) to scale linearly with the mean for both L and N (see Figures 2K-L) with slopes that are quite high (~50%). This is also not ideal as much smaller values of / NN  and / LL  will be required for most applications. In this work, we have not optimised the procedure to give reduced distribution widths. However, we believe that LCC is versatile enough for such optimisation to be achievable.
AFM analysis can also be used to assess the population of monolayers expressed as monolayer number fraction, Nmono/NT. and plotted in Figure 3A as a function of the central gforce. Interestingly, we find Nmono/NT to scale linearly with g-force as the monolayer content is enriched. After 7 steps in the cascade (i.e. at central acceleration of ~7000g), values of Nmono/NT as high as 40 % have been achieved. In Figure 3B we plot Nmono/NT vs. <N>, finding a very sharp fall off, emphasizing the importance in minimizing the mean nanosheet thickness for ML enrichment.
Another way to describe the monolayer content is via the monolayer volume fraction,
Vf. This has been calculated from the AFM data using the knowledge of nanosheet length, L, width, W, and thickness, t (which we define as N×0.6 nm) according to equation 1.
(
We find Vf to scale as , reaching ~20% after 7 steps in the cascade (see Figure   3C ). Because few-layer nanosheets are typically of higher volume than monolayers, Vf <Nmono/NT.
Knowledge of
Vf for each fraction is extremely useful as it allows us to assess the mass of ML nanosheets produced in each step once the total WS2 mass is known. For each step in the cascade, we measured the dispersed WS2 mass using a combination of weighing and spectroscopy (see supplementary Figure S10 ). This data is plotted versus central g-force in Figure 3D . The stock dispersion (80 mL in volume, ~150 mg of exfoliated WS2) was separated into 7 fractions with the first four fractions containing 25-40 mg of WS2 nanosheets each, considerably more than achieved using comparable processes. For example, a multistep centrifugation procedure has reported graphene nanosheet quantities <1 mg 43 while density gradient ultracentrifugation has yielded WS2 monolayer-rich dispersions with concentrations of <0.005 g/L. 46 However, after the fourth step in the cascade, (i.e. for central g-forces above ~2000g) the mass produced falls off sharply, reaching ~1 mg after step 7 (~7000g). The mass of monolayers produced is related to the total WS2 mass by allowing us to calculate the mass of monolayers as also plotted versus central g-force in Figure 3D . We find the monolayer mass to increase over the first 4 steps of the cascade as the dispersions become more and more enriched. However, even though enrichment continues in subsequent steps, it falls off after step 4 as the total dispersed mass declines. This data clearly shows that highly enriched samples can be achieved by collecting nanosheets using high centrifugation rates but at the cost of low yield. Alternatively, the mass of monolayers collected can be optimized by using midrange centrifugation rates.
Relationship between nanosheet length and thickness
The data in figure 1 I-J shows the mean nanosheet length and thickness of the different samples to be in proportion to each other. However, this hides important trends within each sample. Shown in supplementary figure S9A is a plot of L versus N measured for all individual nanosheets over the seven samples prepared in the cascade described above. While this graph appears to be consistent with the proportionality of L and N, closer inspection shows that, for a given sample (e.g. 4-6 krpm as shown in inset), the nanosheet length does not vary systematically with thickness. To investigate this more carefully, we extracted the mean nanosheet length for each value of N, which we plotted versus N or each sample in figure S9B .
This shows that for a given step in the cascade, the mean nanosheet length is roughly independent of N: e.g. for the 7.5-10 krpm sample, the mean monolayer length is 41 nm while the mean 4-layer length is 45 nm. This implies that the separation mechanism predominately involves nanosheet length rather than mass as might be expected. However, lower central gforces result in larger nanosheets in general and so larger monolayers. For the relatively low central g-forces (2-3 krpm sample) the mean monomer length was as high as 130 nm with individual monolayers as long as 200 nm observed. Unfortunately, because these long monolayers are found in the low g-force samples, they tend to be relatively rare. To date we have not found a way to highly enrich a sample with long monolayers rather than the shorter (~50 nm) monolayers found in the 7.5-10 krpm sample. We note that monolayer length distribution in the stock is probably set by the exfoliation conditions (e.g. details of sonication regime and stabilizer). In the future, it would be useful to identify conditions which would give a much larger initial population of large monolayers.
Dependence of the optical extinction spectra on the nanosheet dimensions
It has previously been shown in the case of liquid-exfoliated MoS2, that the spectral profile of optical extinction (or absorbance) spectra strongly depends on nanosheets dimensions due to edge and confinement effects. 15 Here we use the fractions produced by LCC to investigate the effect of nanosheet size and thickness on the optical properties of LPE WS2.
To do this, we first measured the optical extinction spectra for the fractions described above (N.B. the extinction, Ext, is related to the transmittance, T, by and to the extinction coefficient, , by where C is the nanosheet concentration and l is the cell length). The extinction coefficients were calculated using the measured mass of dispersed nanosheets (see supplementary Figure S10 ). As shown in Figure 4A , optical extinction spectra of liquid-exfoliated WS2, display the characteristic excitonic transitions, 27 but vary
systematically with nanosheet size and thickness due to edge and confinement effects. 15 Similar behavior is observed for the absorbance and scattering coefficient spectra (see supplementary Figure S11 ). 15 Importantly, the scattering coefficients are relatively small for these nanosheets, meaning that the absorbance and extinction are very similar. The edge effects result in a dependence of the spectral profile on nanosheet length. As a result the extinction coefficient, for example at the A-exciton (~620 nm), depends strongly on nanosheet length as shown in Figure 4B . However, the extinction coefficient at 235 nm is invariant with nanosheet length (235nm=47.7 Lg -1 cm -1 ), allowing its universal use to measure the concentration of WS2.
The effect of edges on the spectral shape can be quantified via the ratio of extinction intensities at two different wavelengths e.g. at 235 nm to that at 290 nm, Ext235/Ext290, which is plotted in Figure 4C . Similar to MoS2, the data in Figure 4C can be fitted to the following equation 15 (2
where is the absorption coefficient associated with the nanosheet basal plane, where is the edge region absorption coefficient, and L, x and k are the nanosheet length, edge thickness and aspect ratio respectively. 15 We find this equation fits the data very well allowing us to generate a function which relates the mean nanosheet length, L to the extinction peak intensity ratio:
This relationship is extremely useful as it allows the mean nanosheet length in any dispersion to be extracted from an extinction spectrum. Other peak intensity ratios yield similar relationships as discussed in the SI (see supplementary Figure S12 ).
In addition, the extinction spectra also contain information on mean nanosheet thickness due to confinement effects. These result in shifts of the A-exciton position (see Figure 4A inset) towards lower wavelengths as the nanosheet thickness is reduced. Interestingly, for the 7.5-10 krpm sample, previously unseen structure begins to appear with a peak at ~612 nm and a shoulder at ~622 nm. The origin of this will be discussed in more detail below.
The relationship between the center of mass position of the A-exciton, λA, (determined from the second derivative of the A-exciton, supplementary Figure S13 ) and the mean WS2
nanosheet thickness is displayed in Figure 4D . As with MoS2, λA increases logarithmically with nanosheet thickness. 15 We find data for WS2 exfoliated in sodium dodecylbenzene sulfonate (SDBS) and poly(vinyl alcohol) (PVA) to sit very close to the same line suggesting solvatochromic effects to be small (but not nonexistent, see SI). 50 In any case, fitting the data in Figure 4D to an empirical relation gives an equation, which allows us to extract the mean nanosheet thickness from the wavelength associated with the Aexciton: (4) This equation is at least applicable to aqueous SC-, SDBS-and PVA-stabilized WS2 dispersions and almost certainly gives approximate nanosheet thicknesses in a wide range of liquid environments (see below and SI). Because these shifts in A-exciton position will become important later in the paper, we need to verify this behavior as much as possible. We found similar trends had been observed by Zhu et al. and Zhao et al. for absorbance/reflectance spectra of micromechanically cleaved WS2. 51, 52 We note that the literature data from micromechanically cleaved WS2 is offset to lower energies compared to our data presumably to the different dielectric environment. 50, 53 In addition, we have attempted to confirm these effects by calculating the electronic band structure of WS2 nanosheets as a function of N. As shown in Figure 4E , the computed direct transition at the K-point (see section: methods) of the Brillouin zone follows a similar logarithmic dependence on layer number as observed in the experimental data.
It is worth noting that equations 3 and 4 might only be expected to hold for surfactant exfoliated WS2 nanosheets. To test this we performed a cascade for WS2 nanosheets exfoliated in the solvent N-methyl-pyrrolidone (NMP). 4 We found the length metric described by equation 3 to apply very well to NMP-exfoliated WS2. However, we observed a small degree of solvatochromism which resulted in shifts in A due to environmental effects (~1.5 nm shift between NMP-and SC-stabilized nanosheets). This means that although equation 4 can be used to approximately find nanosheet thicknesses from extinction spectra of NMP-based dispersions, slight modifications are required to accurately extract nanosheet thicknesses in NMP. This modified metric is given in Figure S23 . 
Dependence of the photoluminescence on the monolayer content in the dispersions

While quantitative spectroscopic metrics for length and thickness are instructive, a metric for ML content would be even more useful. The most obvious candidate is the nanosheet photoluminescence (PL) as this is only appreciable in monolayers for the common group VI-TMDs. 51, [54] [55] [56] However, previous experiments on MoS2 dispersions showed that PL can only be detected using standard luminescence spectrometers for dispersions with high monolayer content, 15 making routine PL characterization impossible.
Here we use the superior sensitivity of a Raman spectrometer to detect PL even in noncentrifuged stock dispersions with low ML content. We found that, when acquiring a Raman spectrum in liquid drops (λexc = 532 nm), the photoluminescence of the monolayer is typically detected at high wavenumbers (~2460 cm -1 ). N.B. the measurement has to be carried out with extreme care (see methods). The Raman/PL spectra normalized to the WS2 2LA(M) Raman mode (355 cm -1 , 543 nm) of size-selected WS2 nanosheet dispersions are plotted in Figure 5A as a function of wavelength (also compare figure S14). The WS2 Raman modes plotted versus wavenumber are shown in the inset. In addition to the WS2 Raman modes, in all cases, the typical photoluminescence peak of the WS2 is detected at ~612 nm (the feature at ~650 nm is the Raman response of water).
A typical PL spectrum measured in this way is plotted versus photon energy in Figure   5B . All spectra fit reasonably well to single Lorentzians, representing excitonic emission.
While we initially expected inhomogeneous broadening to render Gaussian fitting more appropriate, we consistently found more reliable fits using Lorentzians (see supplementary Figure S15 ). The Lorentzian is centered at 2.023 eV invariant of centrifugation conditions (see Figure 5C inset). However, as shown in Figure 5C , the linewidth appears to fall off with increasing centrifugation rate suggesting larger nanosheets to be slightly more defective than smaller ones. It must be noted that these PL peaks are very narrow, displaying widths as low as 30 meV. WS2 usually displays PL line widths between 22 and 75 meV, 51, 57 with the lower values found only on non-perturbing surfaces like BN. This suggests that, not only does the water/SC environment not significantly dope the nanosheets, but also that they are largely defect-free (see supplementary Figure S16 ). Figure 5D , we found the ratio of PL to Raman intensity to increase strongly with central g-force as the monolayer population increases. This suggests that this intensity ratio, IPL/IRaman, can be quantitatively linked to the monolayer content. We propose that the intensity of the Raman spectrum is proportional to the total number of WS2 formula units probed by the laser. However, because only the monolayers are luminescent, the PL intensity should be proportional to only the WS2 formula units associated with monolayers. This implies that IPL/IRaman should scale linearly with the monolayer volume fraction. To test this, in Figure   5E we plot IPL/IRaman versus the monolayer volume fraction, Vf, (as measured by AFM, Figure   3C ). We find a linear relationship which holds of >2 decades of both IPL/IRaman and Vf.
As shown in
Interestingly, equivalent measurements for WS2 nanosheets exfoliated in SDBS and PVA give data which falls on the same curve strongly suggesting that this metric is quite robust towards changes in the stabilizer, even though it may depend on the quality of the WS2 starting material.
To further test the robustness of this metric, as well as the metrics based on UV-Vis spectroscopy, we have redispersed WS2 size-selected by LCC in SC of varying concentrations from 0-5 g/L. As shown in figures S17-18, spectra and hence the results of the metric analysis do not change as a function of stabilizer concentration. In addition, this shows that the LCC size-selected WS2 can even be redispersed in water without aggregation occurring immediately.
From the fit line in Figure 5E , we find (5) This relationship holds over a broad range of sizes and monolayer contents, but we note that it eventually breaks down for very small nanosheets, as edges may activate non-radiative decay. A first indication that this is indeed the case is obtained from an analysis of the very small nanosheets that are discarded in the supernatant after centrifuging at 10 krpm (see SI figure S14, L~ 25 nm). While TEM and optical extinction show no obvious deviation from larger nanosheets, the PL/Raman ratio is significantly lower than in the 7.5-10 krpm sample suggesting edge effects to play a role. This issue is addressed further in the supporting information.
Nonetheless, this is an important result, as it means that the monolayer volume fraction in a dispersion of WS2 nanosheets can be quantified very simply and easily from a Raman/PL measurement. This is hugely advantageous over traditional techniques such as AFM or TEM, which are very time consuming and can require skill and experience from the experimenter.
Critically, it allows us to track the monolayer content as we perform further monolayer enrichment as described below.
Optical properties of dispersions highly enriched in monolayers
In the preceding sections we described a very simple primary centrifugation cascade which resulted in the production of a range of size-selected fractions at much higher yields than homogeneous centrifugation (see supplementary Figure S19 ), the last of which was monolayerenriched up to Nmono/NT~40% and Vf~20%. However, the strength of LCC is its versatility. For example, it is also applicable to nanosheets exfoliated in solvents (see SI Figures S20-23 ). In addition, much more complex cascades can be designed, resulting in higher degrees of monolayer enrichment. For example, we find the monolayer content to rise rapidly with iteration cycle when repeating the centrifugation at fixed rpm (see supplementary Figure S24 ).
In the following, we used the ability to spectroscopically measure the volume fraction of monolayers to design secondary cascades with the goal of maximizing IPL/IRaman. Details are presented in the Supporting Information (see supplementary Figures S25-38 ). In brief, we designed centrifugation protocols for monolayer enrichment consisting of multiple iterations starting from size-selected dispersions. These typically involved centrifugation at relatively low speeds and longer times (overnight) to remove few-layered WS2 and centrifugation at high speeds and short times (1-4h) to remove very small nanosheets (see supplementary Figure S25 ).
We note that when designing such a cascade, if highly luminescent dispersions are required, the small-nanosheet-removal step is crucial as we found PL/Raman ratios to be significantly lower for very small nanosheets even at high ML contents, probably due to edge effects (see Figure 6A is an AFM layer number histogram for the S.C.2 dispersion with a typical image in the inset. It is clear that this sample is dominated by monolayers with AFM analysis giving Nmono/NT~74% and Vf~70% (see table   1 for all monolayer content data). The Raman/PL spectra of the 6-8 krpm dispersion and both ML enriched dispersions are shown in Figure 6B . While the 6-8 krpm dispersion displayed IPL/IRaman=2.8, equivalent to Vf=0.16, it is clear that the enriched samples display considerably more intense PL. We found IPL/IRaman=10.9 and 12.7, for the S.C. 1 
and S.C.2 dispersions, giving
Vf of 65% and 75%, respectively, in good agreement with AFM statistics (Table 1) . Figure 6C are extinction spectra for both the 6-8 krpm sample and the S.C.1 and S.C.2 dispersions. The shapes of these spectra are almost indistinguishable because high speed centrifugation steps have been included in the cascade to remove very small nanosheets giving similar <L> values for these dispersions (confirmed by AFM statistics, see supplementary Figure S28 ). We note that in this nanosheet size range, scattering 15 is virtually non-existent so the extinction spectrum is identical to the absorbance spectrum (see supplementary Figure S33 ).
Shown in
However, much more interesting is the shape of the A-excitonic components of the extinction spectra as shown in the inset (see Figure 4A inset). These show changes not only in center of mass peak position but also in shape. Unlike the spectra associated with thicker nanosheets, the 6-8 krpm spectrum clearly has a peak at ~612 nm and a shoulder at ~622 nm as discussed above (see Figure 4A ). However, the ML-rich samples clearly have A-excitonic responses, which are dominated by a peak close to 610 nm (2.032 eV). This is extremely close to the position of the A-excitonic PL peak (2.023 eV, implying a Stokes shift of 10 meV). Thus we associate the feature at ~610 nm in the extinction/absorbance spectrum of the ML-rich sample with the absorbance of monolayer WS2. This suggests the component at ~622 nm represents the combined contribution of few-layered WS2.
To test this in more detail, we carefully smoothed the extinction spectra of all samples (see SI section 7) before finding the second derivative with respect to energy, d 2 (Ext)/dE 2 . Such a procedure is known to narrow contributing peaks roughly threefold, allowing resolution of closely spaced peaks. 58 Samples of the resultant second derivatives are shown in Figure 6D .
Monolayer-poor samples such as 1.5-2 krpm are dominated by one peak at ~1.98 eV while the monolayer-rich sample (S.C.1) is dominated by one peak at ~2.03 eV, with intermediate samples showing both components.
We can extract more information about the components by fitting the second derivatives.
In the simplest form, a Lorentzian line can be described by (6) where h represents the height, E0 the centre and w the FWHM. As described in the SI (see SI section 5), we have fit the second derivative curves to the sum of two doubly differentiated Lorentzians, allowing us to extract height, width and position for both (see supplementary eq. S10 and Figure S39 ). As before, Lorentzians gave better fits than Gaussians (see Figures S40-41 ). We find extremely good fits in all cases (see solid lines in Figure 6D ). The higher energy component always had a position of E0=2.035 eV consistent with it representing absorbance of the monolayer A-exciton. The lower energy component was found between 1.98 and 1.997 eV. If the mono-and few-layer assignment described above is correct, then we expect the width of the monolayer A-exciton absorbance peak to be invariant with the width of the nanosheet thickness distribution. Conversely, the width of the few-layer A-exciton absorbance peak should increase as the thickness distribution broadens. This is exactly what we observed as plotted in Figure 6E (the lines are guides to the eye). The FL peak width increases from ~65 to ~110 meV as the AFM thickness histogram width increases from 1-4.5. Conversely the monolayer peak is always ~ 55 meV wide. Interestingly this is almost twice as wide as the PL peak. This likely partly stems from the fact that all monolayered nanosheets are probed in absorbance, while the smallest nanosheets are not captured in the PL measurement (see supplementary Figures S23-S24 ).
With this peak assignment in mind, we propose that the area under the ML A-exciton extinction peak should scale with the monolayer content in the dispersion. Because the area under any Lorentzian is proportional to , we have calculated the metric SA:
which we suggest, should scale with the monolayer volume fraction. We have plotted SA versus Vf in Figure 6F , finding good linearity as described by . The fact that the proportionality constant is so close to 1 is a strong indicator that our assignment is correct. This allows us to use SA as an alternative metric for the monolayer volume fraction:
The availability of highly monolayer-enriched dispersions allows us to measure the photoluminescence using a standard PL spectrometer exciting with Xe lamp to obtain excitation emission contour plots as shown in Figure 6G . Emission from the A-exciton can be well resolved with fitting of the emission spectrum (see supplementary Figure S32 ) giving position and widths virtually identical to those measured in the Raman spectrometer. The real advantage of measurement with the PL spectrometer is the ability to measure excitation spectra. Such spectra generally allow the measurement of the absorption spectrum of the luminescent species at higher resolution than would usually be possible. As shown in Figure 6H , the measured excitation spectrum (em=617 nm) shows the same spectral features as the extinction spectrum. However, these features, which can be attributed to B, C and D excitonic transitions, are considerably sharper in the excitation spectrum. As an inset in Figure   6I , we also compare the measured PL spectrum with the deconvoluted A-exciton absorbance contributions from mono-and few layer WS2 (calculated from the second derivative fit parameters). The monolayer A-exciton absorbance is very close to the PL with only a slight Stokes shift (~10 meV).
To test our understanding of this behavior, we have used ab initio GW plus Bethe-Salpeter method to calculate the absorption spectrum of both mono-and bi-layer WS2 as shown in Figure 6I (see section methods). We find a strong dependence on layer number with the Aexciton shifting from 2.06 eV for the ML to 1.99 eV in the bilayer in reasonable agreement with the data in Figure 4D . We can model the absorption spectrum of a monolayer rich dispersion (S.C.2) by calculating the weighted average of the theoretical mono-and bilayer spectra where the weighting factors are the measured mono-and bilayer volume fractions (see Figure 6A , we ignore the small tri-layer population for simplicity). We find excellent agreement between measured and calculated spectra in the A-exciton regime once the calculated spectra have been normalized and downshifted by 25 meV. We attribute the shift to a combination of environmental and temperature effects.
Conclusion
Liquid cascade centrifugation is a simple, powerful and broadly applicable technique to separate liquid exfoliated nanosheets by size. It has a number of advantages over other techniques; notably its high yield and lack of wastage; the ability to control the concentration of size-selected suspensions, even up to very high concentrations. Probably most important is its versatility: cascades can be designed to produce the desired size and thickness distributions and the required degree of monolayer enrichment. Ultimately, we believe cascades will be designed to produce dispersions containing only a given nanosheet thickness at a predetermined lateral size. In addition, this technique can be applied to virtually any 2D material stabilized by solvents, surfactants or polymers using only benchtop centrifuges.
The ability to easily size-select nanosheets has enabled us to study their optical properties as a function of size and thickness. Similar to MoS2, 15 we found the extinction spectra of WS2 suspensions to contain quantitative information describing both mean length and thickness of the nanosheets while the PL spectra quantify the monolayer content.
Spectroscopic measurement of size, thickness and monolayer content allows cascade design to achieve further monolayer enrichment, enabling the study of the fundamental optical properties of nanosheet ensembles. For example, once the monolayer content was increased beyond Nmono/NT ~25%, fine structure began to appear in the extinction spectra in the vicinity of the A-exciton. We found it possible to differentiate the contributions to A-exciton extinction of mono-and few-layer nanosheets allowing us to use a simple extinction spectrum to measure the monolayer content of a suspension.
We believe that the ability to easily size select and monolayer enrich dispersions, coupled with the availability of quantitative spectroscopic metrics to assess mean nanosheet length, thickness and monolayer volume fraction will have impact for both applications and fundamental studies. Nanosheet sizes and thicknesses will be precisely tailored according to needs in samples, which will be available in large quantities. This will be especially critical for applications such as printed electronics where dispersions of electronically identical, and so uniformly sized, nanosheets are required. Optical analysis will become a tool for quality control allowing the concentration, size, thickness and monolayer content to be assessed for any dispersion. In addition, PL will be used as a fingerprint, which is sensitive to doping and environmental effects allowing an in situ probe for intermolecular interactions.
Methods
Sample preparation: WS2 dispersions were prepared by probe sonicating the powder. WS2 To select nanosheets by size, we used controlled centrifugation with sequentially increasing rotation speeds. Two different rotors were used (see SI). In the standard primary cascade, unexfoliated WS2 was removed by centrifugation at 1.5 krpm (240 g, 2 h). The supernatant was subjected to further centrifugation at 2 krpm (426 g, 2 h). The sediment was collected in fresh surfactant at reduced volume (3-8 mL), while the supernatant was centrifuged at 3 krpm (958 g, 2 h). Again, the sediment was collected and the supernatant subjected to centrifugation at higher speeds. This procedure was repeated with the following speeds: 4 krpm (1700 g, 2 h), 5 krpm (2660 g, 2 h), 6 krpm (3506 g, 2 h), 7.5 krpm (5480 g, 2 h), 10 krpm (9740 g, 2 h). The data presented in Figure 1 uses the central rpm/g-force to express the consecutive centrifugation. For example, the sediment collected from the centrifugation between 2-3 krpm has a central rpm of 2.5 krpm (665 g).
To perform the monolayer enrichment, a sample size-selected by the standard procedure was subjected to further iterative centrifugation steps. Details are described in Section 4 of the Atomic force microscopy (AFM) was carried out on a Veeco Nanoscope-IIIa (Digital Instruments) system in tapping mode after depositing a drop of the dispersion (10 μL) on a preheated (150 °C) Si/SiO2.The apparent thickness was converted to number of layers using previously elaborated step-height analysis of liquid-exfoliated nanosheets. 15 Raman and photoluminescence spectroscopy was performed on the liquid dispersions using a Horiba Jobin Yvon LabRAM HR800 with 532 nm excitation laser in air under ambient conditions. Great care must be taken during these measurements, as changes in the focal plane during the acquisition will introduce an error in the PL/Raman ratio (see SI methods). A drop (~ 40 μL) of a high concentration dispersion was placed on a glass slide and the drop edge was optically focused using a 10× objective. The focus for the measurement with the 100× objective was readjusted in such a way that the laser was focused slightly above the drop. The average of ~5 measurements are displayed. Photoluminescence to obtain the contour plot and excitation spectra was measured in quartz cuvettes using an Edinburgh Instruments FS920 PL spectrometer equipped with a Xe lamp (450 W) and a S900 photomultiplier tube detector at room temperature with single monochromators in excitation and emission.
Theoretical Optical Gap Calculations:
The optical gap is extracted from the optical conductivity calculated by using the tightbinding propagation method (TBPM). 59, 60 We The real part of the optical conductivity at finite frequency is calculated via the Kubo's formula as [59] [60] [61] , where is the sample area, is the inverse temperature, H is the tight-binding
Hamiltonian, is the Fermi-Dirac distribution operator, and is the current operator in the Heisenberg picture. The state
is a normalized random state which covers all the eigenstates in the whole spectrum. 59 The time evolution operator and Fermi-Dirac distribution operator are represented as the Chebyshev polynomial expansions.
Ab initio GW-BSE simulations:
We start the optical calculations using the Kohn-Sham eigenvectors and energy eigenvalues previously calculated within the density-functional theory at generalized-gradient approximation, 62 for monolayer and bilayer WS2, using plane waves basis set and periodic boundary conditions as implemented in the PWscf 63 and Vasp 64, 65 codes. Norm-conserving 66 and PAW 67, 68' pseudopotentials are used with a plane wave energy cutoff of 900 eV, with partial-core states included. Atomic coordinates were allowed to relax until all forces were smaller in magnitude than 0.01 eV/Å. Relevant lattice constants (in-plane and out-of-plane) were optimized for each system. To avoid interactions between supercell images, the distance between periodic images of the WS2 layers along the direction perpendicular to the plane was always larger than 20 Å. Spin-orbit interactions are included in the calculations perturbatively through the calculations of the spinor wave functions, which are used as an input for the calculation of the dielectric functions 2(,q) afterwards. The GW-BSE calculations are done using the Yambo code 69 using 300 unoccupied bands in the integration of the self-energy term.
The number of k-points was chosen according to the Monkhorst-Pack scheme 70 and was set to the equivalent of a 21 × 21 × 1 grid in the primitive unit cell of WS2, which was previously converged for all structures. The BSE Hamiltonian was created using the ten highest valence bands and the six lowest conduction bands using the Tamm-Dancoff approach. The response functions were obtained in a fine grid of 1000 energy points using a broadening of 0.04 eV in all calculations. Size-selected dispersions are prepared by re-dispersing the collected sediments in 1 g/L aqueous sodium cholate after subsequently increasing centrifugation speeds. 
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